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Stochastic Model for Nonisothermal
Droplet-Laden Turbulent Flows

Z. Gao∗ and F. Mashayek†

University of Illinois at Chicago, Chicago, Illinois 60607

A stochastic model is proposed for the prediction of velocity and temperature fluctuations in turbulent flows laden
with nonevaporating droplets. The model is based on a first-order time series analysis, addresses the anisotropy
of turbulence, and adequately takes into account the temporal correlations. The gravity effect is not considered
in this study. The performance of the model is assessed by conducting simulations of droplet-laden homogeneous
shear flows. The predictions of the stochastic model are compared with the results from a model derived using a
kinetic approach and the data from a direct numerical simulation study. Excellent agreements are observed for
various velocity and temperature statistics.

Nomenclature
A = (u, v, w, θ) vector of carrier phase fluctuations
C = fluid temporal correlations matrix
dp = droplet diameter
k = carrier-phase turbulence kinetic energy
Gu = dU1/dy mean velocity gradient of the carrier phase
Gθ = dT/dy mean temperature gradient of the carrier phase
T = mean temperature of the carrier phase
T̃ = instantaneous temperature of the carrier phase
T̃p = instantaneous temperature of the droplet
t = time
U = (U1, U2, U3) mean velocity of the carrier phase
u = fluctuating velocity of the carrier phase in x1 direction
u = fluctuating velocity of the carrier phase
ũ = instantaneous velocity of the carrier phase
ũp = (v1, v2, v3) instantaneous velocity of the droplet
v = fluctuating velocity of the carrier phase in x2 direction
w = fluctuating velocity of the carrier phase in x3 direction
xi = Eulerian spatial coordinates
x̃p = droplet instantaneous position
α = dU1/dy mean velocity gradient
ε = viscous dissipation rate
θ = fluctuating temperature of the carrier phase
θp = fluctuating temperature of the droplet
τp = droplet time constant

Subscripts

p = droplet properties
t = time

Superscript

T = transpose of a matrix

Introduction

T URBULENT flows laden with a dispersed phase of solid par-
ticles or liquid droplets have been extensively investigated for
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several decades, due primarily to their broad ranges of applications.
The main difficulty in providing a mathematical description for pre-
diction of these flows arises from the presence of turbulence that is
characterized by a large variation in length scales and timescales.
A variety of approaches have been adopted for description of two-
phase turbulent flows; however, it appears that in practical situations
the stochastic approach has been more successful than other meth-
ods. The literature1−8 is rich with previous contributions on devel-
opment and application of various stochastic models; however, the
majority of the work has been focused on isothermal flows, where
only velocity fluctuations are considered. Because heat transfer oc-
curs naturally in many industrial processes, for example, spray com-
bustion in engines, combustion of coal particles in large furnaces,
spray drying in the food industry, pneumatic transport, spray form-
ing in manufacturing and material processing, gas-particle combus-
tion flow in a solid propellant rocket system, etc., the temperature
fluctuations must be taken into account. The main objective of this
work is to develop a stochastic model for nonisothermal flows, while
accounting for correlations among various components of the ve-
locity field and the temperature field.

As already mentioned, the number of previous works that consis-
tently consider the effect of turbulence on temperature fluctuations
is limited. Of direct relevance to the work presented in this paper
is a recent work by Moissette et al.,9 where a model is constructed
by implementing first-order autoregressive processes for both ve-
locity and temperature fluctuations of the particles. This model also
accommodates for anisotropy effects of turbulence. An important
aspect of the model is the inclusion of the correlations between tem-
perature and velocity fluctuations in a systematic manner within the
framework of autoregressive processes. The model has been imple-
mented to simulate solid particles dispersed in a homogenous shear
turbulence, and good agreements with analytical results of Zaichik10

have been found.
In the model of Moissette et al.,9 the turbulent dispersion and

temperature fluctuations are treated separately. The model for the
velocity fluctuations has no contribution from the temperature field,
and the correlation between temperature and velocity is considered
only to obtain temperature fluctuations. The model also does not
account for temporal variation of correlations; therefore, this model
may not work as accurately in a temporally developing turbulence.
In this paper, we present a more general stochastic model for the pre-
diction of temperature fluctuations, that consistently addresses these
issues. The performance of the model is assessed by comparisons
with previously published data.

Problem Formulation
We consider dispersion of nonevaporating droplets (or solid par-

ticles) in a carrier turbulent flow. The carrier-phase motion is gov-
erned by the Navier–Stokes equations, which are not repeated here
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because we are exclusively concerned with the treatment of the dis-
persed phase. The droplets are assumed to be spheres and exhibit an
empirically corrected Stokesian drag force. The translational mo-
tion is the only motion considered for the droplets, and their rota-
tion is neglected. The density of the droplets is considered to be
constant and much larger than that of the fluid so that only the
inertia and the drag force are significant to the droplet dynamics.
Gravity effects are not considered in this study. The droplets are
assumed lumped and each droplet is at a uniform temperature. In
addition, both droplet–droplet interaction and heat transfer due to
radiation are neglected because a small volume fraction is assumed
for droplets. This, however, does not limit the present model to one-
way coupling. The effects of the droplets on the turbulence may be
included in the Eulerian equations for the carrier gas as source/sink
terms, and this procedure does not affect the stochastic model for
the droplets.

Each droplet is tracked individually in a Lagrangian frame, and
its instantaneous position, velocity, and temperature are denoted by
x̃p , ũp = (v1, v2, v3), and T̃p , respectively. With this nomenclature,
the nondimensional Lagrangian equations describing the droplet
dynamics and heat transfer are11

dx̃p

dt
= ũp (1)

dũp

dt
= f1

τp
(ũ − ũp) (2)

dT̃p

dt
= f2

τp
(T̃ − T̃p) (3)

where ũ and T̃ are the fluid velocity vector and temperature at the
droplet location, respectively. All of the variables are normalized
by reference length L f , density ρ f , velocity U f , and temperature
T f scales. Consequently, reference Reynolds and Prandtl numbers
are defined as Re f = ρ f U f L f /µ and Pr = Cpµ/κ , respectively,
where µ, κ , and Cp are the viscosity, the thermal conductivity, and
the specific heat of the fluid, respectively.

In Eqs. (2) and (3), the nondimensional droplet time constant
is τp = Re f ρpd2

p/18, where dp and ρp are the droplet diame-
ter and density, respectively. The function f1 = 1 + 0.15Re0.687

p in
Eq. (2) represents an empirical correction to the Stokes drag due to
droplet Reynolds numbers of order unity and larger (see Ref. 12)
and is valid for nondeformable spherical droplet and for droplet
Reynolds numbers Rep = Re f ρdp|ũ − ũp| ≤ 1000, where ρ is the
fluid density at the droplet position. The factor f2 = Nu/3Prσ
represents a correlation for the convective heat transfer coefficient
based on an empirically corrected Nusselt number (see Ref. 13),
Nu = 2 + 0.6Re0.5

p Pr 0.33, where σ is the ratio of the droplet spe-
cific heat and the fluid specific heat.

Stochastic Model
To determine the droplet trajectories, the instantaneous velocity of

the fluid at the droplet location is needed. In turbulent flows, although
the Navier–Stokes equations are deterministic, it has been proven
that chaos can arise from a nonlinear deterministic context and tur-
bulence can be characterized as a stochastic process. There are sev-
eral methods to describe this stochastic process. One is to assume
the droplet motion as a Possion-like process with a known proba-
bility density function. The eddy-interaction model of Gosman and
Ioannides1 is based on this method. Another method is to describe
the process by stochastic differential equations (SDEs).14,15 An in-
teresting discussion on the application of this method for modeling
of gas–solid turbulent flows is provided by Pozorski and Minier.8

The SDE methodology is still in the development stages and has yet
not been widely used for most engineering applications.16 The third
method is via the application of the method of time series analysis,
which assumes the process is a Markovian chain. In this paper, we

will use this method to construct a new stochastic model, and the
procedure is explained in the following paragraphs.

The instantaneous velocity and temperature of the carrier phase at
the droplet location can be decomposed into mean U ≡ (U1, U2, U3)
and T and fluctuation u ≡ (u1, u2, u3) ≡ (u, v, w) and θ , respec-
tively. The mean velocity and temperature of the fluid can be calcu-
lated by various single-point statistical models such as those devised
in the Reynolds-average Navier–Stokes framework. The computa-
tion of the mean values is, therefore, not discussed here, instead we
focus on the calculation of the fluctuating quantities. A stochastic
modeling approach is adopted for this purpose.

The stochastic approach is based on the work of Zhou and
Leschziner,17 who propose a model for velocity fluctuations within
the framework of a first-order time series analysis.18 Here, we ex-
tend this approach to include the modeling of the temperature field.
We start by describing the fluctuating quantities at time t in terms
of their corresponding values at a previous time t − δt :

ut = βuuut − δt + βuvvt − δt + βuwwt − δt + βuθ θt − δt + dtu (4)

vt = βvuut − δt + βvvvt − δt + βvwwt − δt + βvθ θt − δt + dtv (5)

wt = βwuut − δt + βwvvt − δt + βwwwt − δt + βwθθt − δt + dtw (6)

θt = βθuut − δt + βθvvt − δt + βθwwt − δt + βθθ θt − δt + dtθ (7)

which may be recast in matrix form as

At = β · At − δt + dt (8)

At =




ut

vt

wt

θt


 , β =




βuu βuv βuw βuθ

βvu βvv βvw βvθ

βwu βwv βww βwθ

βθu βθv βθw βθθ




dt =




dtu

dtv

dtw

dtθ


 (9)

The main task is now to derive relations for β and dt so that the
fluctuations At , at time t , can be determined from the known fluc-
tuations At − δt , at time t − δt . The derivation of relations for β and
dt is described next.

We first multiply both sides of Eq. (8) by AT
t − δt and take the

expectation of the resulting equation to obtain

E
[
At · AT

t − δt

] = E
[
(β · At − δt + dt ) · AT

t − δt

]
(10)

where the superscript T denotes the transpose of a matrix. The left-
hand side (LHS) of Eq. (10) is the temporal correlation matrix C
defined as

C =




ut ut − δt utvt − δt utwt − δt utθt − δt

vt ut − δt vtvt − δt vtwt − δt vtθt − δt

wt ut − δt wtvt − δt wtwt − δt wtθt − δt

θt ut − δt θtvt − δt θtwt − δt θtθt − δt


 (11)

which may be described in terms of correlation functions Ri j (δt)
and various standard deviations of the fluid fluctuating velocity com-
ponents and temperature at times t and (t − δt) as
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C =




Ruu

√
u2

t

√
u2

t − δt Ruv

√
u2

t

√
v2

t − δt Ruw

√
u2

t

√
w2

t − δt Ruθ

√
u2

t

√
θ2

t − δt

Rvu

√
v2

t

√
u2

t − δt Rvv

√
v2

t

√
v2

t − δt Rvw

√
v2

t

√
w2

t − δt Rvθ

√
v2

t

√
θ 2

t − δt

Rwu

√
w2

t

√
u2

t − δt Rwv

√
w2

t

√
v2

t − δt Rww

√
w2

t

√
w2

t − δt Rwθ

√
w2

t

√
θ 2

t − δt

Rθu

√
θ 2

t

√
u2

t − δt Rθv

√
θ2

t

√
v2

t − δt Rθw

√
θ2

t

√
w2

t − δt Rθθ

√
θ2

t

√
θ2

t − δt




(12)

The right-hand side (RHS) of Eq. (10) can be expressed as

β · E
[
At − δt · AT

t − δt

] + E
[
dt · AT

t − δt

]=β · cov
(
At − δt , AT

t − δt

)
(13)

where dt and AT
t − δt are two independent random variables based on

the theory of time series analysis and

cov
(
At − δt , AT

t − δt

) =




uu uv uw uθ

vu vv vw vθ

wu wv ww wθ

θu θv θw θθ




t − δt

(14)

From Eqs. (10), (11), and (13), we can write C =β · cov(At − δt ,
AT

t − δt ), or

β = C · cov−1
(
At − δt , AT

t − δt

)
(15)

Next, we focus on deriving an expression for dt by writing Eq. (8)
as

dt = At − β · At − δt (16)

Multiplying both sides by their respective transpose, and then taking
the expectations, leads to

E
[
dt · dT

t

] = E
[
(At −β · At − δt ) · (AT

t − AT
t − δt · βT

)]
(17)

whose LHS is simply cov(dt , dT
t ) and its RHS can be simplified

using Eq. (15), to obtain

cov
(
dt , dT

t

) = cov
(
At , AT

t

) − β · CT (18)

To proceed, we write

dt = B · Z (19)

where B is a matrix, which needs to be determined, and Z is a random
vector, each component of which is independent and sampled from
a standard normal distribution with a mean of zero and a variance
of unity. Multiplying both sides of Eq. (19) by their transpose, and
taking expectations, we obtain

E
[
dt · dT

t

] = E
[
B · Z · (B · Z)T

]
(20)

which after some simplifications leads to

B · BT = cov
(
dt , dT

t

)
(21)

From Eq. (21), B can be determined by using Cholesky factorization
of matrix cov(dt , d T

t ) because cov(dt , dT
t ) is a symmetric positive

definite matrix. This completes the determination of β and dt such
that fluctuations at time t can be determined from fluctuations at
time t − δt using Eq. (8).

Model Assessment
To assess the performance of the stochastic model, in this sec-

tion we consider simulations of a homogeneous shear turbulent flow
laden with nonevaporating droplets. As shown in Fig. 1, this flow
is characterized by a mean velocity gradient imposed in the cross-
stream direction. The magnitude of the velocity gradient, dU1/dx2,
is constant in time, where indices 1 and 2 denote the streamwise
and cross-stream directions, respectively. In addition, to assess the

statistics related to the temperature field, a constant mean temper-
ature gradient, dT/dx2, is also imposed on the flow. The carrier
phase is incompressible, and the volume fraction of the droplets is
low enough to assume one-way coupling. Two sets of comparisons
are provided next.

Equilibrium Homogeneous Shear Turbulence
First, we conduct simulations to compare flow statistics at equi-

librium stage of the homogenous shear flow development. At this
stage, the values of the normalized statistics do not change with
time; thus, the flow is considered at a quasisteady state. The re-
sults of our stochastic simulations (STH) in this part are compared
with the results of a statistical model developed in the probability
density function (PDF) framework by Zaichik10 and later rederived
by Pandya and Mashayek.19 For convenience, in this part of our
assessment we use the same notation as introduced by Zaichik.10

The simulations are conducted by injecting a total of 20,000
droplets at x(≡ x1) = 0 and randomly distributing them over the
region 0 ≤ y(≡ x2) ≤ 1. The initial velocity and temperature of the
droplets are assumed to be the same as those of their surrounding
fluid elements. To proceed with the calculations, first a time-step size
δt is assigned. Then Eqs. (1–3) are integrated to update the proper-
ties of the droplets. To integrate these equations, the instantaneous
properties of the fluid phase at the droplet location are needed and
can be calculated in two parts, namely, mean and fluctuation. The
mean value is calculated from the given velocity and temperature
gradients (discussed later) and the fluctuation is obtained by solving
Eq. (8). After Eqs. (1–3) are integrated, the droplets are moved to
their new locations, and the statistics are calculated by ensemble
averaging over all of the droplets. To advance in time, the described
procedure is repeated.

Homogeneous flows are, by nature, unbounded, and thus, the re-
sults would not depend on the specific values used for the mean
values of velocity and temperature, rather to the gradient of these
variables. To configure a homogeneous shear flow with a mean ve-
locity gradient of Gu = dU1/dy = 20, we use U1 = 1 and 21 at y = 0
and 1, respectively. As the results of our simulation in Fig. 2 indi-
cate, this leads to a droplet distribution that becomes more and more
skewed in time. The dashed lines in Fig. 2 represent the motion due
to the assigned mean velocities, and the turbulence dispersion of
the droplets about these lines is clearly demonstrated by plotting the
instantaneous locations of all of the droplets in the computational
domain at various times. Further details of the numerical simulations
and the choices of other parameters are provided later.

The integral time scales for the velocity, Tu , and temperature,
Tθ , of the fluid seen by the droplets are assumed to be constant
and equal, that is, Tu = Tθ = T ∗. The velocity gradient parameter
Su = Tu Gu is assumed to be equal to the temperature gradient pa-
rameter Sθ = (Tθ

√
k/

√
θ2)Gθ , where Gθ = dT/dy. The dimension-

less time parameters 
u and 
θ are defined as 
u = τp/Tu and

Fig. 1 Schematic of homogeneous
shear flow configuration.
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Fig. 2 Droplet distribution at different normalized times t∗ = t/T∗.


θ = τpθ /Tθ , where τpθ = τp/ f2. For comparison purposes, only
cases with 
u = 
θ are investigated, and the correction factors
in f1 and f2, introduced in Eqs. (2) and (3) due to large droplet
Reynolds numbers, are neglected as was the case in the PDF model
calculations. The following correlations are used from the experi-
mental data of Tavoularis and Corrsin20 for the homogeneous shear
turbulence:

u2/k = 1.07, v2/k = 0.37, w2/k = 0.56 (22)

uv
/√

u2

√
v2 = −0.45, uθ

/√
u2

√
θ2 = 0.59

vθ
/√

v2
√

θ2 = −0.45 (23)

where k is the fluid turbulence kinetic energy. These values
provide all of the information needed for the calculation of
cov(At − δt , AT

t − δt ) and cov(At , AT
t ) that lead to the calculation of

β in Eq. (15) and cov(dt , dT
t ) in Eq. (18). The correlation functions

are assumed in the following exponential form:

Rαβ(δt) = (
αβ

/√
α2

√
β2

)
exp(−δt/Tαβ) (24)

where α and β represent u, v, w, or θ . In the simulations, Tαβ = T ∗

is assumed. When Eq. (24) is used, the matrix C in Eq. (12) can
be calculated. The exponential form for the correlation function has
been justified from experiment21 and also used by Taylor.22

For comparison with the PDF model, simulations are conducted
for different values of 
u = 
θ and Su . For these simulations, the
droplet relaxation times τp and τpθ are constant and equal. The time
step is chosen as 1/10 of the minimum of τp and T ∗. Because the
flow is homogeneous, various statistics are calculated by ensemble
averaging over all of the droplets present in the domain. Figure 3
shows comparisons for 〈v2

1〉, 〈v1v2〉, 〈v1θp〉, 〈v2θp〉, and 〈θ 2
p〉 nor-

malized by their corresponding fluid statistics. It is observed that
the stochastic simulations produce nearly identical results to PDF
model predictions for all values of 
u and Su .

Temporally Developing Homogeneous Shear Turbulence
Next, we conduct simulations to compare with direct numerical

simulation (DNS) data of Shotorban et al.23 This comparison pro-
vides a means to assess the performance of the stochastic model in a
transient flow. Again a homogeneous shear flow is considered with
constant mean velocity and mean temperature gradients. The details
of the simulations are described by Shotorban et al.23 and will not be
repeated here. Very briefly, a large number of droplets are randomly
distributed in an initially isotropic carrier phase with the same veloc-
ity and temperature as those of their surrounding fluid elements. The

Fig. 3 Comparison of the STH predictions with the data from the PDF
model.

trajectories, velocities, and temperatures of these droplets are then
calculated using their corresponding fluid variables from the DNS
of the carrier phase. Because the initial flowfield is isotropic, there
is no production for the turbulence kinetic energy at t = 0 and the
turbulence experiences an initial decay. In time, the presence of the
normal Reynolds stress components contributes to the production of
the shear stress, which in turn results in a production component for
the turbulence kinetic energy. Consequently, the turbulence starts to
grow after an initial decaying period. The DNS results indicate that
the turbulence kinetic energy of the droplets also follows a similar
decay and growth in time.

Our stochastic simulations are conducted using similar initial
conditions as those used in DNS. Furthermore, the fluid statistics
are directly taken from the DNS results, and the comparison is for
the statistics of the droplets only. To implement the model, var-
ious integral timescales in Eq. (24) for velocity–temperature and



GAO AND MASHAYEK 259

Table 1 DNS calculated values of Tαβ used in conjunction
with the correlation functions in Eq. (24)

Timescale Value

Tθθ 0.526
Tuθ 0.625
Tvθ 0.425
Tθu 0.5
Tθv 0.625

Fig. 4 Comparison of the present stochastic model predictions with
DNS data and the results obtained using Moissette et al.9 model.

temperature–temperature correlations have been evaluated using the
DNS data. The nonzero values of these timescales are summarized
in Table 1. More details on the evaluation of these timescales may
be found by Pandya and Mashayek.19 For velocity–velocity corre-
lations, Tαβ = 0.482k/ε have been used, where ε is the dissipation
rate of the fluid turbulence kinetic energy and is taken directly from
the DNS results. All of the correlations needed in cov(At − δt , AT

t − δt )

and cov(At , AT
t ) calculation are provided via DNS data.

For comparisons, we consider a case with one-way coupling and
droplet time constant of τp = 0.3. The droplets are injected and
tracked in stochastic simulations following exactly the same proce-
dure as that described in the preceding subsection. Figure 4 shows
the comparison between the model predictions and the DNS data
for temporal variations of 〈v1v1〉, 〈v1v2〉, 〈v1θp〉, 〈v2θp〉, and 〈θpθp〉.
In Fig. 4, the time axis has been normalized using the mean ve-

locity gradient magnitude α = dU1/dy. All of the variables used
in these simulations are nondimensionalized using the same refer-
ence scales as those implemented in the DNS formulation. In this
nondimensional form the magnitudes of mean velocity and mean
temperature gradients are the same, that is, dU1/dy = dT/dy = 2.
The comparisons in Fig. 4 show excellent agreements with the DNS
results. Although this clearly indicates the ability of the stochastic
model in generating the statistics of the dispersed phase, the chal-
lenge of reproducing the fluid statistics still remains open for further
research.

To demonstrate the improvement gained by incorporating the tem-
poral correlations, we have recalculated the droplet statistics by us-
ing the Moissette et al. model.9 The results are plotted in Fig. 4 and
compared to the new model results and the DNS data. It is clear that
the previous model by Moissette et al. shows some deviations from
the DNS data for the temporally developing turbulent flow. This is
primarily because the model of Moissette et al. does not consider the
temporal variation of the correlation function, which demonstrates
the important role of the temporal correlation of turbulence in the
construction of stochastic models.

Conclusions
A stochastic model has been proposed, within the Lagrangian

framework, for the prediction of velocity and temperature fluctu-
ations in turbulent flows laden with nonevaporating droplets. This
model is based on a first-order time series analysis and addresses
the anisotropy of turbulence. The model also adequately takes into
account the temporal correlations of turbulence. In its final form, the
droplet stochastic equation contains one random term and one cor-
relation term. In the correlation term, there are provisions for inclu-
sion of both directional and temporal correlations. For the temporal
correlation function, an exponential form is assumed.

For a preliminary assessment of the model performance, simula-
tions of homogeneous shear flows are considered, and two compar-
ison studies are conducted. In the first study, we compare the model
predictions for statistics obtained for an equilibrium homogeneous
shear flow with the predictions from a mathematical model based
on a PDF modeling approach. In this comparison, the effects of the
shear rate and the droplet size on various statistics are investigated.
In the second study, we consider the results generated by DNS and
conduct comparisons for temporal evolution of various statistical
properties of the dispersed phase. In these comparisons, uniform
mean gradients are considered for both velocity and temperature
of the carrier phase. To calculate the droplet statistics, ensemble
averaging is performed over a large number of droplet trajectories.
Various correlations among velocity components and temperature
of the droplet phase are calculated and presented. The results are in
perfect agreement with the analytical solution for the equilibrium
shear flow and with the DNS results for the temporally developing
shear flow.

The modeling strategy adopted here is well suited for inclusion
of other scalars such as mass fractions of various species that can
be used for the description of two-phase combustion systems. This
will be considered in our future works.
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